RESONANCES FOR ID MASSLESS DIRAC OPERATORS 



ALEXEI IANTCHENKO AND EVGENY KOROTYAEV 



Abstract. We consider the ID massless Dirac operator on the real line with compactly 
supported potentials. We study resonances as the poles of scattering matrix or equivalently 
as the zeros of modified Fredholm determinant. We obtain the following properties of the 
resonances: 1) asymptotics of counting function, 2) estimates on the resonances and the for- 
. bidden domain, 3) the trace formula in terms of resonances. 
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1. Introduction and main results 
We consider the ID massless Dirac operator H acting in the Hilbert space L 



> 



Q H 1 and given by 

s' 



±- '=(J-°i). ^=gs 

Here q G L X (R) n L 2 (R) is a complex-valued function. In order to define resonances we will 
need to suppose that q has compact support and satisfy the following hypothesis: 
Condition A. A complex-valued function q G L 2 (R) and suppg C [0,7], for some 7 > 0, 
where [0,7] is the convex hull of the support of q. 
■ It is well known (see |DEGMj . [ZMNPj ) that the operator H is self-adjoint and its spectrum 

is purely absolutely continuous and is given by the set R. 
We consider the Dirac equation for a vector valued function f(x) 

C?V -Uf' + Vf = \f, AgC, f(x) = f 1 (x)e + + f 2 (x)e., e + = Q , e_ = , (1.1) 

where f\, f'2 are the functions in x G R. System (11.11) is also known as the Zakhorov-Shabat 
system (see [DEGMj . |ZMNP] ). Define the fundamental solutions ^±,^±5 °f (1-1) under the 
^ • following conditions 

^(x, A) = e ±iXx e±, x> T , ^{x, A) = e ±iXx e±, x < 0. 

Define the functions 

a(A) = det(^ + (x, A), y?~(x, A)), 6(A) = det(ip~(x, A), ip~(x, A)), (1.2) 

where det(f,g) is the Wronskian for two vector-valued functions f,g. 

Below we consider all functions and the resolvent in upper-half plane C + and 
we will obtain their analytic continuation into the whole complex plane C. Note 
that we can consider all functions and the resolvent in lower-half plane C_ and to obtain their 
analytic continuation into the whole complex plane C. The Riemann surface of the resolvent 
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for the Dirac operator consists of two disconnected sheets C. In the case of the Schrodinger 
operator the corresponding Riemann surface is the Riemann surface of the function vA. 

The zeros of et(A) in C are called resonances with multiplicities as zeros of 
function a(A). 

Before to proceed with our results, we need to give a short introduction to the subject. 

Resonances, from a physicists point of view, were first studied by Regge in 1958 (see |R58j ). 
Since then, the properties of resonances has been the object of intense study and we refer 
to |SZ91j for the mathematical approach in the multi-dimensional case and references given 
there. In the mult i- dimensional Dirac case resonances were studied locally in [HB92J. We 
discuss the global properties of resonances in the one- dimensional case. A lot of papers are 
devoted to the resonances for the ID Schrodinger operator, see Froese [F97j . Korotyaev |K04j . 
Simon [S00] . Zworski |Z87] and references given there. We recall that Zworski |Z87] obtained 
the first results about the asymptotic distribution of resonances for the Schrodinger operator 
with compactly supported potentials on the real line. Different properties of resonances were 
determined in |H99j . |Kllj . |S00j and |Z87j . Inverse problems (characterization, recovering, 
plus uniqueness) in terms of resonances were solved by Korotyaev for the Schrodinger operator 
with a compactly supported potential on the real line |K05j and the half-line |K04] . 

The "local resonance" stability problems were considered in |K04s] . [MSW10J. 

However, we know only one paper |K12] about the resonances for the Dirac operator H on 
the real line. In particular, for each p > 1 the estimates of resonances in terms of potentials 
are obtained: 



Im A n <0 



1 ^ CY P (A 1 



, < r~ £ — + / \q(.x)\dx 
\X n -i\P " log2V 7T ' 1 



where C ^ 2 is an absolute constant and Y p = y/n r( ,|^ , and T is the Gamma function. 

Inverse scattering theory for the Zakharov-Shabat systems were developed for the investiga- 
tion of NLS, see [FT87j . jDEGM] . jZMNPj . In [Gr92] Grebert studies the inverse scattering 
problem for the Dirac operator on the real line. In [IK2] we give the properties of bound 
states and resonances for the Dirac operator with mass m > on the half-line. In [IK3] we 
describe the properties of graphene with localized impurities modeled by the two-dimensional 
Dirac operator with compactly supported radial potential. We address the inverse resonance 
problem for ID Dirac operators in |IK4j . 

In this paper we study resonances for the massless Dirac operator. This analysis is based 
on the properties of functions a, b defined in (11.21) . We will show that functions a, b are entire 
and 

a(irj) = 1 + o(l) as 77 — > 00. (1.3) 

All zeros of a(A) lie in C_. We denote by (A n )f the sequence of zeros in C_ of a (multiplicities 
counted by repetition), so arranged that 

< |Ai| «c |A 2 | ^ |A 2 | < ... 

and let A n = \i n + irj n , n ^ 1. The massless Dirac operator with q = we denote by H . The 
scattering matrix S for the pair H, Hq has the following form 
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Here 1/a is the transmission coefficient and — b/a (or b/a) is the right (left) reflection coeffi- 
cient. Due to (11. 3p we take the unique branch loga(A) = o(l) as A = it], g — > oo. 
We define the function 

loga(A,g) = v{\q) + i(j) sc (X,q), (j) sc (X, q) = arga(A, q), u(X, q) = log |a(A, A G C+, 

where the function is called the scattering phase (or the spectral shift function, see [Kr]) 
and the function v is called the action variable for the non-linear Schroodinger equation on 
the real line (see |ZMNPj ). The scattering matrix 5(A) is unitary and we have the identities 

|a(A)| 2 - |6(A)| 2 = 1, AgR, 

det<S(A) = e~ i2 ^ a(X) = e - i2 ^ c{x) , A G R. 
If q" G L 2 (R) then we have the following asymptotic estimate (see [ZMNPJ ) 
., m Qo Qi Q 2 + o(l) . 

t\oga{\) = — y-^I xl > A = z?], 77^00, (1.4) 

where Qj = \ J R A J log |a(A)| dX, j = 0, 1, . . . , 

Q J = 2~m j , J = 0,1, 2, 

Ka=o I \l( x )\ 2<ix ^ Mi = o I q'( x )q{ x ) dx , U 2 = - [ (\q'(x)\ 2 + \q(x)\ i )dx. 

1 JR 1 JR 1 JR 

Here %j are hierarchy of the defocussing cubic non-linear Schrodinger equation (dNLS) on 
the real line given by 

The main goal of our paper is to describe the properties of the resonances and to determine 
the trace formula in terms of resonances. We achieve this goal by studying the properties of 
function a(A) which is entire function of exponential type with zeros in C_. 

We introduce the modified Fredholm determinant (see [GK69J) as follows. Using the fac- 
torization of potential V, we introduce the operator valued function (the sandwich operator) 
Y (X) by 

Y (X) = V 2 Ro(X)V u where V = V 1 V 2 , V 2 = |g|i/ 2 . 

Observing that Y (X) is in the Hilbert-Schmidt class B 2 but not in the trace class B\ (explained 
in the beginning of Section [6]), we define the modified Fredholm determinant D(X) by 

D(X) = det [(/ + y (A))e- y ° (A) ] , A G C+. 

Then the function D(-) is well-defined in C+. 

We define the space L P (IR), p ^ 1, equipped with the standard norm = (/ R \ f(x)\ p dx) p . 
Let 1-L 2 + denote the Hardy class of functions g which are analytic in C + and satisfy 

sup / \g(x + iy)\ 2 dx < oo. 
y>o Jr 

We formulate now the main result about the function a(A). 
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Theorem 1.1. Let q G L 1 (R) fl L 2 {R). Then function a and the determinant D are analytic 
in C+, continuous up to the real line and satisfy 

(1.5) 
(1.6) 



log£>(.) 

Moreover, if in addition q' G L 1 (R) then 



iloga(A) 



loll 2 
|y|l2 



a = D, 
= loga( 

hod) 



2A 



en 2 



MS 



Im A — > oo. 



;i.7) 



Remark. 1) To the best of our knowledge, the important identity ( 11. 5p is new in the 
settings of Dirac systems. We will stress on the fact that for the massless Dirac operator 
there is no factor of proportionality in the identity. In the massive case (see \IK2\ IIK3] ) the 
situation is different. 
2) The proof of Theorem 11.11 follows from Lemma [6. II and is given in Section El 
We determine the asymptotics of the counting function. We denote the number of zeros 
of a function / having modulus ^ r by N{r, f), each zero being counted according to its 
multiplicity. 

Theorem 1.2. Assume that potential q satisfies Condition A. Then a(-) has an analytic 
continuation from C + into the whole complex plane C and satisfies: 

2r7 



7T 



as 



r — > oo. 



Moreover, for each 5 > the number of zeros of a with modulus ^ r lying outside both of the 
two sectors | argz| < 5, \ axgz — n\ < 5 is o(r) for large r. 

Remark. 1) Zworski obtained in |Z87] similar results for the Schrodinger operator with 
compactly supported potentials on the real line. 
2) Our proof follows from Proposition 13.41 and Levinson Theorem 12.11 
The analytic properties of function a imply estimates of resonances in terms of the potential. 

Theorem 1.3. Assume that potential q satisfies Condition A and q' G L 1 (IR). Let X n G C_, 
n^l, be any zero of a(X) in C_ (i.e. resonance). Then 



^ C x e 



-27 Im A n 



where the constant 



C\ = sup 



X 1 



< OO. 



(1.9) 

;i.io) 



In particular, for any A > 0, there are only finitely many resonances in the region 

{ImA ^ -A - - log I Re AJ}. 

7 

Remark. 1) The similar results for the Schrodinger operator were obtained in |K04j . 

2) Estimate (ll.lOp describes the forbidden domain for the resonances. 

3) The proof of the theorem follows from Corollary 12.31 using Proposition I3.4[ Lemma 14.11 
and asymptotics (14. 5p . 

We determine the trace formulas in terms of resonances for the Dirac operator. 
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Theorem 1.4. Assume that potential q satisfies Condition A. Let f(X) = <p(\), for tp G C^°, 
and let X n be a resonance and <p' sc {X) the scattering phase, then 

Tr(f(H) - f(H )) = - [ f(X)(j)' sc (X)dX = £ /(A n ), (1.11) 
Tr(i?(A) - R (X)) = -i 7 - lim V — ^— , (1.13) 



' — x) * — ' A — A n 



where the series converge uniformly in every bounded subset on the plane by condition li2.S\) . 

Remark. These results are similar to the ID Schrodinger case (see Korotyaev [K04j . [K05] ) 
and in 3D (see [IKTT] ). 

The plan of our paper is as follows. In Section [2] we recall some results about entire functions 
and prove Theorem II .31 referring to the results obtained in Section HI In Section [3] we describe 
the properties of fundamental solutions and prove Theorem ll.21 In SectionH]we obtain uniform 
estimates on the Jost solution as A — > oo under the condition that q' G L 1 (IR). In Section [5] we 
prove useful Hilbert-Schmidt estimates for the "sandwiched" free resolvent . In Section Owe 
give the properties of the modified Fredholm determinant and prove Theorems 11.11 and 11.41 

2. CARTWRIGHT CLASS OF ENTIRE FUNCTIONS 

In this section we will prove Theorem II .31 The proof is based on some well-known facts from 
the theory of entire functions which we recall here. We mostly follow [Koo81j . We denote the 
number of zeros of function / having modulus ^ r by J\f(r), each zero being counted according 
to its multiplicity. We sometimes write jV(r, /) instead of M{r) when several functions are 
being dealt with. An entire function f(z) is said to be of exponential type if there is a 
constant A such that \f(z)\ ^ const e^' 2 ' everywhere. The infimum of the set of A for which 
such inequality holds is called the type of /. For each exponential type function / we define 
the types p±(f) in C± by 

log|/(±»y)| 
P±{f) = lim sup . 

y—>oo V 

Fix p > 0. We introduce the class of exponential type functions 

Definition. Let £s{p), 5 > 0, denote the space of exponential type functions f , which satisfy 
the following conditions: 

i) P+U) = and p-(f) = P> 

ii) f(z) does not have zeros in C+, 
in) f G L°°{R), 

iv) \ f{x)\ ^ 5 for all x G R. 

The function / is said to belong to the Cartwright class if / is entire, of exponential type, 
and the following conditions hold true: 



/• log(l + |/(x)|) dx<0O; M/) = _ M/)=p>0 _ 
Jr 1 + x 



for some p > 0. 
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Assume / belong to the Cartwright class and denote by (z n )^ =l the sequence of its zeros 
7^ (counted with multiplicity), so arranged that < \z±\ ^ \z 2 \ ^ .... Then we have the 
Hadamard factorization 

f(z) = Cz m e ipz ' 2 lim IT (l - — V C= f' m)( ; \ (2.1) 

for some integer m, where the product converges uniformly in every bounded disc and 

El Im z n \ , 

I n I 

Given an entire function /, let us denote by A/+(r, /) the number of its zeros with real part 
^ having modulus ^ r, and by J\f-(r, /) the number of its zeros with real part < having 
modulus ^ r. As usual, J\f(r, f) = A/"_(r, /) + A/+(r, /) is the total number of zeros of / with 
modulus ^ r, and multiple zeros / are counted accoding to their multiplicities in reckoning 
the quantities Af-(r, f),J\f+(r, f) and Af(r, f). We need the following well known result (see 
[Koo81j . page 69). 

Theorem 2.1 (Levinson). Let the function f belong to the Cartwright class for some p > 0. 
Then 

A4(r,/) = ^(l + o(l)) as r^oo. (2.3) 

For each 5 > the number of zeros of f with modulus ^ r lying outside both of the two sectors 
| argz|, | arg,2 — 7r| < 5 is o(r) for large r. 

Below we will use some arguments from the paper [K04J, where some properties of resonances 
were proved for the Schrodinger operators. In order to adapt the formulas to our settings we 
write p = 27, 7 > 0. In order to prove Theorem 11.21 we need 

Lemma 2.2. Let f G £,5(27) for some 5 G [0, 1] and 7 > 0. Assume that for some p ^ there 
exists a polynomial G p (z) = 1 + '^ J p l d n z~ n and a constant C p such that 

C p = sup \x p+ \f(x) - G p {x))\ < 00. (2.4) 

Then for each zero z n ,n ^ 1, the following estimate holds true: 

\G p (z n ))\ < C v \z n \^~ x e- 2 ^\ y n = \mz n . (2.5) 

Proof. We take the function f p (z) = z p+1 (f(z) — G p (z))e~ l2lz . By condition, the function 
f p satisfies the estimates 

1) \f p {x)\ «C C p for x G R, 

2) log \f p (z)\ < 0{\z\) for large z G C_ 

3) limsup ?/ _, 00 ?/- 1 log|/p(-iy)| = 

Then the Phragmen-Lindelof Theorem (see [K008I] . page 23) implies ^ C p for z G 

C_. Hence at z = z n we obtain 

\z p+1 G p (z)e-^ z \ = \f p (z)\ = \z p+1 (f(z) - G p (z))e~^ z \ ^ C p , (2.6) 

which yields (12.51) . ■ 
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Corollary 2.3. Let f G £5(27) for some 5 G [0, 1] and 7 > 0. and let z n , n ^ 1, be zeros of f . 
i) Assume that Co = sup xGR \x(f(x) — 1)| < 00. Then each zero z n ,n ^ 1, satisfies 

\zn\ < Coe- 3 ^*. (2.7) 

Assume that C\ = sup^^ \x 2 f(x) — x 2 — Ax\ < 00 for some A. Then each zero z n ,n ^ 1, 
satisfies 

\z n (z n + A)\^C ie - 2 ^. (2.8) 

Proof of Theorem 11.31 Note that in Proposition 13.41 it is proved that the inverse of 
the transmission coefficient a(A) belongs to £1(27). Moreover, if q satisfies Condition A and 
q' G L 1 (M), then a(X) satisfy uniform bound (14.5)) . Lemma [4.1) and therefore the conditions 
of Corollary 12.31 are satisfied with A — %\\q\\ 2 - ■ 

3. DlRAC SYSTEMS 

3.1. Preliminaries. We consider the Dirac system (II. ip for a vector valued function f(x) = 
fx(x)e + + f 2 (x)e_, where fx, f 2 are the functions of x G R : 

V2 + QJi = X f? 
Here q G L 1 (R) fl L 2 (M) is a complex-valued function. 

Note that if the function f(x, A) = (fi(x, A), f 2 (x, A)) T is solution of (13. ip with A G C, then 
f(x, A) := (f 2 (x, A), fi(x, A)) T is also the solution of (13. ip with the same A. 
Define the fundamental solutions ip±,(p±, of (13. ip satisfying the following conditions 

^ ± (x, A) = e ±iXx e±, x > 7; ^(x, A) = e ±iAx e ± , x < 0. 

Then 

det(^ + (x, A), ip~(x, A)) = det(y? + (x, A), (p~(x, A)) = 1, 
^ + (a;, A) = ip~(x, A), y? + (a;, A) = tp~(x, A). 

For A G R, we have 

<p~(x, A) = 6(A)^ + (a;, A) + a(X)tp~(x, A), ^ + (x, A) = b(X)ip~(x, A) + a(A)v? + (a;, A), 
where 

a(A) = det(?/> + (x, A), (f~(x, A)), 6(A) = det((p~(x, X),ip~(x, A)) 

and 

6(A) = det(^ + (x,A),^ + (x,A)) = det(£- -0") = -6(A). 

Using the property that if / is solution of (13 .ip with (A, q) then / is solution of (13. ip with 
(—A, —q) we get that 



a(X,q) = a(-X,-q), b(X,q) = b(-X,-q). (3.2) 

We denote the operator with q = by H . The scattering matrix S for the pair H, H has 
the following form 

^-Mkm i A) )> R -l *4 
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here - is the transmission coefficient and R± is the right (left) reflection coefficient. Note that 

if / — (/l) f2) T is solution of (13. ip with A G R, then / = (/ 2 , is also the solution of (13. ip 
with the same AsR. The S-matrix is unitary, which implies the identity 

|det«S(A)| = |a(A)| 2 - \b{\)\ 2 = 1, VA G R. (3.3) 

3.2. Properties of the fundamental solutions. Now, we consider some properties of the 
fundamental solutions ip , tp of the Dirac system (13. ip and functions a, b for A G C. If function 
q satisfies Condition A, then 

o(A) = det(V> + ,^~) = ^i + (0,A), 6(A) = det(^",^-) = -^-(0,A) (3.4) 

and 

6(A) = det(^ + ,^ + )=^ 2 + (0,A). (3.5) 
The solutions tp^,^ satisfy the following integral equations: 



^(x,X) = e ±iXx e± + / Ue iX ^- t)J V(t)ip ± (t,X)dt, (3.6) 

J X 

<p ± (x } X)=e ±iXx e±- [ iJe iX( - x ^ J V(t)ip ± (t,X)dt, (3.7) 



where 



Ue^ J V(t)-i( ° , , Q(t)e^-» 
lJC V W- l \-q(t) e -iK*-t) o 



Using (13 .8p we obtain 



OC 



^+(x, A) = e iAx + i j e <A ^-* ) g(*)^(*, A)dt, 

</ a; 

A) = -i / e-^^^t)^^, A)dt. 



Then 

r*oo /*oo 
3 iAx _| / i\(x-t) (+\ I -i\{t-s) 



(3.8) 



(3.9) 



ijj+(x,\) = e lXx + J e lA[ - x - t} q(t) J e^ A ^g(s)^+(s, A)rfsrft, 
and we have the following equation for X — Vi" ( x > X)e~ lXx 

poo poo poo 

x (x,\) = l+ q(t) e i2X{s - t) q(s) X (s,\)dsdt = l+ G(x, s, X) X {s, X)ds, 

J X J t J X 

G(x,s,X) = q(s) j e i2X{s ~ t] q{t)dt. 

J X 

Thus we have the power series in q 

poo 

X(x, A) = 1 + ^2xn(x, A), X n(x,X)= G(x,s,X) Xn -i(s,X)ds, (3.10) 
where xo( - , A) = 1. 
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Lemma 3.1. Supposeq G L 1 (]R)nL 2 (lR) and denote <&(x) = ch \q(s)\ds. Then the following 
facts hold true: 

1) For each i6R, the function xi x , ') ^ s continuous in the closed half-plane ImA ^ and 
entire in the open half-plane ImA > 0. For each x G M and ImA ^ 0, the functions Xn, X 
satisfy the following estimates: 



2)i 



For all Im A > 0, 



Moreover, 



|X»M)|< (2^)1 W \^\ dT ) > Vn ^' ( 3 - U ) 

\x(x,\)\ <*(x), (3.12) 

\x(x,X)-l\ (3.13) 

W^A)-1| < -pf^llgyglli. (3.14) 
ImA 2 



| X (x, A) - l| 2 rfA ^ 4vr ($(x) - 1) $(x)\\q\\l (3.15) 



If q satisfies Condition A, then for each i£l, the function x{ x , ') i> s entire in C and for 
any (x,X) G [0,7] x C, in addition to estimates in part 1), the following estimates (r\ := ImX) 
hold true: 

\Xn(x,\)\^e ( ^ x ^\-v) I \ q (r)\dr) , V n > 1, (3.16) 



(2n)! 

|x(z,A)| ^ e (7 - a:)(|r?| - r?) $(a;) ) (3.17) 
|x(x, A) - 1| < e^-*^-^ ($(s) - 1) . (3.18) 

Proof. The statements of part 1) of the Theorem and estimates (13.111) . (I3.12p . (13 . 13[) are 
well-known and can be found for example in |ZMNP] and [DEGMJ. We will not give any 
separate proof of these results, merely stating that these facts will follow immediately by 
adapting our method of proving part 2) of the Theorem. Therefore we will first prove part 
2) under hypothesis that q satisfy Condition A and thereafter release this restriction while 
proving the estimates f)3.14p and (13.151) . 

Let t = (^) 2n G R 2n and %(n) = {x = t < t x < t 2 < ... < t 2n < 7}. Then using f l3TTU|) we 
obtain 



\„(.r.\) - / ( H q{t 23 _Mt2M 2Kt2l ~ t2l - l] )d^ 1 = (tj)'i" e 



2n Tn)2n 



which yields 



\Xn{x, A) I ^ 



= I ( II |?(t i )i)e (|j?h ' ?)E " (% " % - l) ^ 

*(«) Kl ^ n J 
^-XM^) J | g (t 1 ) g ( t2 ).... g (t 2 J| rft = e (7-)(hl^)_L_( / |g( r )| dT 



(3.19) 



2n 



10 



ALEXEI IANTCHENKO AND EVGENY KOROTYAEV 



which yields (|3.16p . 

This shows that the series (I3.10p converge uniformly on bounded subset of C. Each term 
of this series is an entire function. Hence it follows from Vitali's theorem that the sum is an 
entire function. Summing the majorants we obtain estimates (I3.17P and (I3.18p . 

In rest of the proof we do not suppose Condition A. 

We show (EHip . Let r] = ImA > 0. Then ([33]) implies 

\G(x,x',X)\ < \q(x')\ f e-^'-^\ q (r)\dr ^ ^[f . (3.20) 
Jx (2 1mA) 2 

Substituting ([320]), (EUSp into <^M> we obtain 

A) — 1| < ^ \G(x 1 x',X)x(x',X)\dx' < f ' g ^' ^ q \ 2 <$>(x')dx' 
Jx Jx (2 Im A) 2 



q>( x ) 

< ^rlklWMIi, VImA>0, 

| Im A 1 2 

which yields (I3.14p . 

Now, we will prove (I3.15p . For a fixed x let {g(x, •), h(x, -))l2 denote the scalar product in 
L 2 (R, dX) with respect to the second argument. In order to prove (13.151) we calculate and 
estimate 

/ \ X (X,\)-I\ 2 d\= (J2Xn(x,-),J2Xm(x,-))L*. (3.21) 

Let a(t) = Yl (hj — hj-i) an d s = (sj)\ n . We have 

(Xn(x } -), X m(x r )} = J J (j[ q{t 2j ^)q{t 2j )\^ x ^dt 

R 3t{n) 

■ j ( II q(s 2j _ 1 )q(s 2j )\e- i2X ^dsd\, 



where in the previous definition of the domain the constant 7 should be replaced with 
00 if q does not have compact support. Using that 



i2Al a(t)-a{s) i / 

e V / d\ = 4tt51 a(t) 
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where S(-) is the delta-function, we get 

47T 



/ ( II ?(*2i-i)?(^))*K*)-^(s)) ( II q(s2 j -i)q(s2 j )jdsdt 

Jfe(n) x s (m) 

/ ( II ?(*2j-i)g(*2j) J ( n g(s 2j -i)g(s 2i ) 



^ t (n) x ^.(m - 1) 



• q(s 2m -i)q I cr(t) - ^ (s 2 j - s 2j -i) + s 2m -i J ds 1 ds 2 ...ds 2m - 1 dt. 
Now, we can estimate the right hand side using the Holder inequality 



/ q(s 2m -i)q I cr(t) - ^ (s 2j - s 2 j-i) + s 2m _i J 



2m- 1 



2: 



and get 



(Xn(x, -),Xm{x, •)} < 

4vr / |g(ti)g(t2)....g(*2n)|tft 

47T 



|g(si)g(s 2 )....g(s 2m - 2 )|dsi...ds 2m _ 2 



3>t(n) 



(2n)!(2m-2)! 
Then using we get (ETI5|1 . 



# a (m-l) 

oo \ 2n+2m— 2 

\q(r)\dr 



As (E2D yields 



a(A) = X (0, A) = 1 + / C7(0, s, A)x(s, A)ds, 

./o 



we get 



/■oo 

(A) = 1 + V"a n (A), ai(A) = / G(0,s,X)ds, a„(A) = x„(0, 



A). 



Now, if g satisfies Condition A we use ( 13. 5 p and get 



6(A) = </>+(0, A) = —i / e^*-*^*)^ (t, A)dt = -i e i2Xt q(t) x (t, X)dt. (3.23) 



(3.22) 



Note that if q' G L (It), then by integration by parts we get the following asymptotics: 



o(A) = 1 - ^ / |g(t)| 2 rft + o(A~ 1 ), 6(A) = o(A -1 ), Im A ^ 0, |A| -> oo (3.24) 
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(which hold even without supposing Condition A, but under the weaker condition that q £ 
L X (R) n L 2 (R), q' £ L\R), see [DEGM], p. 305). In Section 1 we show that for A £ R and 
for |A| —> oo one can replace o(A _1 ) in (13.241) by 0(X~ 2 ) (see asymptotics (14.51) ). 

We summarize the properties of functions a, 6 without supposing q, q' £ L 1 (R) in the fol- 
lowing lemma. 

Lemma 3.2. Suppose q £ L : (R) fl L 2 (R). Then the following facts hold true: 

1) The function a(A) is continuous in the closed half-plane ImA ^ and entire in the open 

half-plane ImA > 0. For ImA ^ the function a satisfies the following estimates: 



For all Im A > 0, 



Moreover, 



|a(A)| ^ ch ||g||i, |a(A) — 1| ^ ch \\q\\\ — 1. 
|a(A) 



(3.25) 



^ ch g i 



ImA I 



a(-) - 1 £ L 2 (R). (3.26) 
2) If q satisfies Condition A, then for each x £ R the functions ^(x, A), ^(x, A) and a(A), 
6(A), 6(A) are entire on C. In addition to estimates in part 1), the following estimates hold 
true: 



((A) | ^ e^'-^ch 



3 li 



a(A) - IK e^^CchUgUi - 1), 

7 



6(A) + i 



J2Xt 



q{t)dt 



(3.27) 



^ e 



7(M-^) 



(sh ||g| 



?i 



where rj = Im A. 



Proof. The results in Part 1) follows directly from Lemma 13.1 1 and formula f!3.22[) . The 
fact that a(-) - 1 £ L 2 (R), (j3^B]l . follows from (j3TT5]) . 

Suppose that g satisfies Condition A. Then representing xt^j*) as a sum as i n fe.lOp . 
estimating each term in the sum as in the proof of Lemma 13.11 , bounds ( I3.19p . and by 
integrating by parts, we get 

2d 



6(A) +i 



J2\t- 



q(t)dt 



x 



E 



\q(T)\dT 



2n+l 



dx 



\q(r)\dr J dx = 
J 

■rfM-fl (sinhllglli-HgllO 



(2n + l)\ 

which shows the last inequality in (I3.27p . 



If g satisfies Condition A, then using the analyticity of a, 6, 6, identity (I3.3P has an analytic 
continuation into the whole complex plane as 



o(A)o(A) - 6(A)6(A) 



A £ 



(3.28) 



All zeros of a(A, q) lie in C_. Denote by {A n }^° the sequence of its zeros in C_ (multiplicities 
counted by repetition), so arranged that < |Ai| ^ ^ | As | ^ . . . . We denote the number 
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of zeros of function a having modulus ^ r by jV(r, a), each zero being counted according to 
its multiplicity. 

We will need the following Lemma by Froese (see |F97] . Lemma 4.1). Even though the 
original lemma was stated for V G L°° the argument also works for V G L 2 and we reproduce 
this version of lemma here for the sake of completeness. 

Lemma 3.3. Suppose V G L 2 (IR) has compact support contained in [0,1], but in no smaller 
interval. Suppose f(x, A) is analytic for A in the lower half plane, and for real A we have 
f(x, A) G L 2 ([0, 1] dx, WdX). Then f R e lXx V(l — f(x, A)) dx has exponential type at least 1 for 
A in the lower half plane. 

In the following Proposition we state the analytic properties of functions a, b. 

Proposition 3.4. Assume that potential q satisfies Condition A. Then 

a(-) G £ 1 (2 1 ), 6(0 G £ (27), (3.29) 

~ n 

a(ir),q) = 1 + o(l), b(ir),q) = -i e~ 2vt q(t)dt + o(l) as 77 00, (3.30) 

</o 

and 

a(\,q) = a(0,g)e i7A lim FT [ 1 - A ] A G C, (3.31) 

r-H-oo AX y \ n 

uniformly in every disc. 

Proof. First we prove that a(-) G £1(27), 6(0 G £0(27). By f)3.27p . functions a, 6 have 
exponential type in the lower half plane at most 27 : p~(b) ^ 27. Now, we have by (13.181) 

6(A) = -i f e l2Xt q(t) X (t, X)dt = -i I e l2Xt q(t)(l + X(t, X))dt, 
Jo Jo 

where X(t,X) = %(t, A) — 1 is analytic in C_ and J 7 dx J R dX\X(x, X)\ 2 < 00 by Lemma [3.1 [ 

bound (13.151) . Using that the support of q is contained in [0,1], but in no smaller interval 

(Condition A), we get that 6(A) has exponential type of at least p_ = 27 by Lemma [3.31 

The proof of p + = is similar. Now, using (13.281) . a(A)a(A) = l+b(X)b(X), and 6(A) = —b(X), 
we get the same result for the function a(X). The asymptotics (I3.30p follows from ( I3.27p . 

Inequality J R log ^^ A ^ <iA < 00, where / = a(X) or / = 6(A), follows trivially from the 
fact that a, 6 G L°°(R). From (J33J) it follows that |a(A)| ^ 1 for VA G E. Therefore we have 

a(-) G £i(2 7 ) and 6(-) G £0(27). 
Formulas in (I3.30p follow from bounds (I3.27P respectively ( I3.14p . 

Formula ( I3.3ip is the standard Hadamard factorization of a function from Cartwright class, 
see (EH). ■ 

Proof of Theorem 11.21 Proposition 13.41 shows that the conditions of Levinson Theorem 
12.11 are fulfilled which gives asymptotics ( 11. 8p . ■ 

4. Estimates for ip for the case q' e L^M). 
We suppose that q satisfies Condition A and q' G L 1 (R). We consider the Dirac equation 

-ia 3 ip' + VTP = XTP, V=(°_ q Q Y (4.1) 
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where we use the Pauli notation J = cr 3 . Note the following commutation properties 

a 3 V = -Va 3 , e iXta:i V = e~ iXta3 V, o\ = I 2 . (4.2) 
Recall that the Jost solution ip + = (t/^ , ?/^) T is solution of (14.1 p satisfying the condition 

0+ = e iXx e+ = e lXx ° 3 ( I V for x > 7. (4.3) 



n / 

The main result of this section is the following Lemma 

Lemma 4.1. Let q satisfy Condition A and q' e L 1 (IR). Then for |A| is sup teR |g| the Jost 
solution ip = ip + of \4-l\ )> \4-3\ ) satisfies 

vl){x, A) = 0° + ^ar x Kij}, V° = a~V Aa;<T3 f J ) > KY = f e^^W^it, X)dt, 

a(x,X) =I 2 - ^V(x), W{t) = V'(t)+i\q(t)\ 2 a 3 , 

where the series converge uniformly on bounded subsets of {(x, A); x G M., [A| ^ sup tgR |g|} 
and for any j ^ 2, i/ie following estimates hold true: 

\r(x,X)\ < ^e lImmi ~ x) ( r '\W(8)\da 







Let a(A) = A). T/ien /or any |A| ^ sup 4gR |g| 



1 / |ImA|2 7 - 

•(A) = 1-^11,111 + (-ms-l- 



(4.5) 



Moreover, the quantity 

sup 

AeK 

is finite. 

Proof. We use the arguments from |K08j . Note that (14. Xp is equivalent to 

■0' — i\a 3 ip = —ia 3 Vip and 

(e-^V)' = -ie" a:E<T3 a3^. (4.6) 
The Jost function ip = ip + satisfies the integral equation 

i/>(x, A) = e lXxa3 ei + P ia 3 e iX{x - t)a3 V(t)^(t, X)dt. 



Using ( 14. 2 p we write it in the form 

ip{x, A) = e iW3 ei + / ia 3 e lX{x - 2t)a W{t)e- lXta3 i){t, X)dt. 
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Using that q' G L 1 we integrate by parts and use that e lXt<Tz ip{t, A) satisfies (14. 6p 



V>(z,A) =e iXxaz e l + 



icr 2 



-i2X 



t=x 



3_ e ^(*-2*)"a (V'(t)e- iXt(73 - iV e~ iXt(73 a 3 V) if>(t, A). 



-i2X 

Again using the commutation relations (14. 2 p we get the integral equation 



if>(x, A) = e iXxa *e x + ±-V{ x )$(x, A) + f e iX{x ~^ {V + i\q\ 2 a 3 ) ^(t, X)dt. 
IX IX J x 

Put W(t) = V + z|g| 2 fT 3 and a(x, A) = J 2 — ^vV(x). Then ^ satisfies 

a(x, A)V>(z, A) = e iAa:<T3 ei + T e iX{x ~ t)a3 W(t)^(t } X)dt. 

2A Ja; 

Using that 

for |A| ^ sup |g| we have sup |a _1 | ^ 2, (4.7) 
we get the integral equation 



By iterating we get 



if>(x, X) = ip° + —a^Kt/j, ij° = ar l e iXxa3 [q], Kif> = / e^ 3 ^ JU(t)^(t, A)dt. 



7 



Let t = (tjYl e W l and %{n) = {x = t Q < t x < t 2 < ■■■ <t n < 7}. 

r = j^J cjn n(«fe-i))" 1 ^ 3(tj - 1 - tj) ^(t J )(a(tO)~ 1 e 4At - 3 ( J ) dt. 



Let x > 0. Now, using ( 14. 7p and 



; a<T 3 (t,-_i-t,-)| ^ e |ImA|(tj-tj_i)^ — tj-l) = i n — ^o, |e iAin<T3 | ^ e l Im -M*n_ 



we get 



|^(^A)| ^ JUl^ier-.) f f[\W(tj)\dt 

\ A \ J9 t {n)^J{ 



n\\X\ n 



ImA|(2 7 -x) / / \ W ^ d A _ 



Note that explicitly 

1 - (2A)-2| 9 p V ( 2A > _1 5 1 i' f -i|«l 2 



and 



' iAa; ' 1 



^ l-(2A)" 2 |g| 2 V° 



Putting x = we get 



7 



^(0,A) = l + O(A- 2 ), ^(0,A) = -^/ | v |Vm-C)(A-'> 
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and as a(A) = ^>+(0, A) we get QOj) . 
Now, for A Gl bound ( 14. 4 p implies that (14. 5p . which is used in Theorem 11.31 ■ 

5. The resolvent estimates 

Let -R(A) = (H — XI)^ 1 denote resolvent for operator H and let -Ro(A) be the free resolvent 
(i.e. for the case q = 0). We have 

-Ro(a) = (h - xiy 1 — ^ H^-a)- 1 







N 




) 


"A)- 1 , 




So ) 



where d x = and 



/x poo 
e^ x -^f(y)dy, S f(x) = i e - tX ^f(y)dy ifImA>0; 
-OO J X 



T f{x) = -i < lX: < ^f(y)dy, S f(x) = -i e~ iX( - x ~ v ^ f(y)dy if ImA < 0. 



OC 



We denote by ||.||s fc , the Trace (k = 1) and the Hilbert-Schmidt (k = 2) operator norms. 
For a Banach space X, let AC(C±; X) denote the set of all ^-valued continuous functions 
on C± = {A G C; ±ImA ^ 0}, which are analytic on C±. 

Lemma 5.1. Let p,p£ L 2 (R;C 2 ). Then it follows: 

i) Operators pRo(X), Rq(X)p, pRo(X)p are the B^-valued operator-functions satisfying the fol- 
lowing properties: 

IIP^(A)||L = IWA)P||L = J^tt, (5-1) 



WpRoWpU < \\ph\\ph, \\pRo(X)ph 2 -> as | ImA| oo. (5.2) 
Moreover, the operator-function pR p G AC(C±;B 2 ). 

ii) Operator pR' (X)p = pRl(X)p is the B 2 -valued operator- functions, analytic in C± : 
pR'oP G AC(C±;B 2 ), satisfying 

||p^(A)^| B2 < l|p^o(A)p|U 2 as | IniA| -> oo. (5.3) 



Proof, i) Let ImA ^ and \ G L 2 (W; C). Then the Fourier transformation implies 

MTidt - , r %, - 1 1 w»)i"<b |±i^p = 2pbi»* 

As 

||pi?o(A)||| 2 =Tr((p J R (A))V J Ro(A)) 

=IIph7q(A)||| 2 + ||p 2 iT (A)||| 2 + ||pi 2 S (A)||| 2 + ||p 22 5 (A)||| 2 

we get the estimate. The proof for R (X)p is similar. This yields identity ( 15. ip . This identity 
and the resolvent identity 

pRo(X) = pRo(p) + epRl(n) + e 2 P R (X)R 2 (p), e = X — p, (5.4) 

yields that the mapping A — > pRo(X) acting from C + into B 2 is analytic. 
Let Im A > (for Im A < the proof is similar) and x> X £ L 2 (R; C). Then we have 

WxToWxWk = [ \x(x)\ 2 f e- 2 ^^ x \m\ 2 dydx ^ \\ X \\l\\x\\l 

JR J -oo 



RESONANCES FOR ID MASSLESS DIRAC OPERATORS 



17 



and similar we get ||xSbx||§ 2 ^ llxllillxlli- These bounds and the dominated convergence 
Lebesgue Theorem yields (15.21) . 

Moreover, these arguments show that each pRo(\ ± iO)p G B 2 , A G M. 

We show that pRoP G AC(C±, B 2 ). Let A, p G C + and p, — V A We have 

||x(T (A) - T {p))x\\l 2 = / \x(x)\ 2 X(x,y,\,p)\x(y)\ 2 dydx, 

where the function X(x, y, A, p) = \e % ^ x ~ y ^ x — e*^ - ^) 2 , x > y satisfies 

X(x, y, A, p) ^ 2, and X(x, y, A, /i) — >■ X(x, y, A, A) as p — > A, Vx > y. 

Writing the similar identity for S and applying Lebesgue Theorem yields that the operator- 
function pRop G AC(C±,B 2 ). 

ii) The proof of (15. 3p is easily verified as in the proof of i). 

It is sufficient to prove for Im A > and X, X G L 2 (IR; C). Then we get 

\\xn(X)x\\l 2 = f\x(x)\ 2 f {x-yfe-^-y^ x \x{y)\ 2 dydx^ 



OG 



e 2 | Im A I 2 



where we used that the function t 2 e~ 2tliaX ^ (e| ImA|)~ 2 for t ^ 0. Similar we get ||x>SoX||| 2 ^ 
(e| Im A|)' 2 llxll 2 llxll I- These bounds and the dominated convergence Lebesgue Theorem yields 
(15. 3 p and as in i) we get that pR' p G AC(C±, B 2 ). ■ 
We pass now to study of the full resolvent -R(A) = (H + V — A/) -1 . We factorize V as 
follows 

V = (° J* ) = Fx^, where V 2 = \q\h 2 . 



In the beginning we do not suppose that q satisfies Condition A, but just q G L 2 (IR). 
Let F (A) = 1/ 2j Ro(A)V\, F(A) = V 2 R{\)V X . Then we have 

Y{\) = F (A) - F (A) [/ + Y Q {\)}- 1 K (A), K = / - (1 + Y^ 1 (5.5) 

and 

(J + Fo(A))(/-F(A)) = /. (5.6) 
Corollary 5.2. Lei q G L 2 (1R) and Ze£ ImA ^ 0. Taen 



12 
l_2 

ImA 

izj T/ie operator R(X) — i?o(A) zs of trace class and satisfies 



l|fl(A)-i2b(A)|| ft < |^|, (5.8) 

/or some constant C. 

m) Let, in addition, q G L X (M) n L 2 (R). Taen we aave Y ,Y,Y^,Y' G AC(C±;£ 2 ) and £ae 
following following bounds are satisfied: 

\\Yo{\)\\b, < \\q\\i, VAGC; \\Y (\)\\ B2 ^ as |ImA|^oo. (5.9) 

H^oPOIk ^ !r » VAgC\M; ||^'(A)||&->-0 as I ImA|^oo. (5.10) 
e ImA 
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Proof, i) Identity ( 15. 7p follows from ( 15. ip and ||V||| = 2||(7|||, but also directly from: 
\\VR (\)\\l 2 = Tr(VRo(\))*VR (\)) = TY(gT )*gT + Tr{qS y q S = \\qTo\\l 2 + ll^o||| 2 - 

ii) Denote j7o(A) = I + Y (X). For ImA ^ 0, operator Jo(X) has bounded inverse and the 
operator 

R(X) - R (X) = -R (X)V 1 [MX)]' 1 V 2 R (X), Im A ^ 0, 

is trace class and the estimate follows from ( 15. 7p . 

iii) That Yq, Y G AC(C±; B 2 ) follows as in the proof of Lemma f5.1[ resolvent identity (15. 5p 
and ii), bound ( 15. 8p . Using (15. 6p . we get 

F'(A) = (/ - Y(X))Y \X)(I - Y(X)) G AC(C + ; B 2 ). 

We put Im A > (for Im A < the proof is similar) . The first inequality in (15. 9p follows as 
( 15. 2 p in Lemma [5. II using the off-diagonal form of matrix-function Y Q : 

\\Y (X)\\l 2 = Tr(Y*(X)Y (X)) = Tr(T \ q \T*\q\) + Tr(So\q\S*\q\) 

rco rx / poo \2 (5.11) 

= 2 J J e- 2ImXix -V\q(t)\dt\q(x)\dx < U \q(x)\dxj . 

By the dominated convergence (Lebesgue) Theorem this also shows that Tr(y o *(A)lo(A)) — > 
as ImA —7- 00, proving the second property in (15.91) . 

The properties (I5.10p follows as in (I5.2p in Lemma 15.11 and similarly to ( 15. lip by using the 
simple form of Y ' . 

* 

Lemma 5.3. Let q G L 2 (R). Then 

VRl(X), r '(A) 6 Si, ImA^O. (5.12) 
Try o '(A) = 0, TrF n (A)=0, ImA^O, VnG 2N + 1. (5.13) 
Tr(Y (X + tO) -Y (X-iO)) = 0, VAgM. (5.14) 

Proof. We prove ( I5.12p . We have VRl(X) G Bi by recalling that i?o(A) = diag((— id x — 
A)^ 1 , (id x — A) -1 ) and applying Theorem XI.21 in [R S-vIIIj . stating that 

f(x)g{-id x ) G B u f,ge L^(R n ), 5 > n/2, 

where / G L 2 ' s (R n ) means / Rn (l + \x\) 25 \f(x)\ 2 dx < 00. 

As Yq(X) = V 2 Rl(X)Vi, H^o'llsi ^ ||^2-Ro||b 2 " ll-Ro^i||s 2 5 an d applying Lemma I57T1 we get that 
Yq(X) is trace class. 

The first identity in (I5.13P follows from the identities TtYq(X) = Tr VRq(X) = as 

'0 q\ ( r Q {X) \ _ / qSQ 
y q 0j{ S' (X) J \qn 

is off-diagonal matrix operator. 
The second identity in fl5TT3|) follows as Tr Y n (X) = Tr( VR {X) j and (Ui? (A)) n is off- 



^o(A) 



diagonal matrix operator for n odd. 
Formula (15.141 ) follows similarly as 

i\(x-y) n 

Ro{X + i0) - Rq{X - i0) (x,y) 



i\(x-y) 
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and the product V(Rq(X + iO) — Rq(X — iO)) is off-diagonal matrix-valued operator. ■ 

6. Modified Fredholm determinant 

In this section we will follow our agreement that the "physical sheet" corresponds to C + 
and the resonances lie in C_ (see Introduction). 

The "sandwiched" resolvent Y (X) := V 2 Ro(X)Vi £ B 2 is not trace class as the integral kernel 
of Ro(X) in the Fourier representation has non-integrable singularities (±/c — A) -1 . However, it 
was shown in Corollary I5.2l that Y (X) is Hilbert-Schmidt, and we define the modified Fredholm 
determinant 

D(X) = det [(/ + F (A))e- yo(A) ] , A £ C+. 

Lemma 6.1. Let q £ L X (M) n L 2 (R). Then 
i) The function D belongs to AC(C + ; C) and satisfies: 

D'(X) = —D(X) Tr [r(A)F '(A)] VA £ C+, (6.15) 

\D(X)\ < e^ 11 **, VA£C+, (6.16) 

D(X)^0, VA£C+, (6.17) 

D(X) -)■ 1 as ImA^oo. (6.18) 

ii) The functions logD(X) and 4- logD(X) belong to AC(C + ; C), and the following identities 
hold: 

- losDW = ± ^^^M, (6 . 19) 

k=l k=l 

where the series converge absolutely and uniformly for | Im A| > 2||g||| = || V^|||, A £ C + , and 

N m ^ r o„,,s N+l WW 2 



2n 

n=l 



/or any N > 1. Moreover, logD(A) £ AC(C+; C) /or any fc £ N. 

Proof, i) Formula (16.151) is well-known (see for example [GK69] ) and together with iii) in 
Corollary 15.21 it implies that the functions logD(A) and ^log-D(A) belong to AC(C + ;C). 
Estimate (16 . 1 6[) follows from the inequality ((2.2), page 212, in russian edition of [GK69J) 

|D(A)| <e^«W y »W (6.21) 

and inequality ( 15. 9ft : Tr(F *(A)Y"o(A)) ^ ||<?||i- As the zeros of -D(A) in C + are the eigenvalues 
of H and H does not have eigenvalues it follows ( I6.17p . 

Property (I6.18P will follow from estimate (I6.2(jp in the part ii) of Lemma. Below we will 
prove it. 

ii) Denote F(X) = J2 n >2 Tr ^~^ A ' ) ' ) ■ By (15.131) in Lemma I5T31 F(X) coincides with the series 
in (I6.19p . We show that this series converge absolutely and uniformly. Indeed, as in the proof 
of (15. 7p we get 

Tr (T (X)qS (X)q) k \ ^ \\T (X)q\\ k B2 ■ \\S (X)q\\ k B2 = e k x , (6.22) 

where 

|2 II o ^rl|2 II 1 / 112 II v 112 



£ x = \\ t oQ\\b, = \\Soq 



q\\i wr 

" H'"""'"*-' " i ImA | - 2 |ImA|- 
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Then F(X) is analytic function in the domain | ImA| > ||^|||. Moreover, by differentiating 
F and using (15. 6 j) we get 



F'(X) = - lim V Tr(-r (A)) n " 1 y '(A) = TiY(X)Y \X), |ImA| > ||V| 



m— >oo 

n>2 



and then the function F = logD(A), since F{ir) = o(l) as r — > oo. Using (I6.19P and (I6.22p 
we obtain (I6.20p . ■ 
Proof of Theorem [Ell If q G L^M) fl L 2 (R) and g' G L 1 (R) we get 



Tr Y 2 = Tr VR VR = Tr qS qT + Tr qT qS = 2 Tr qS qT, 



o 



OO /"OO 1 /"OO 



1 

a 

which together with (I6.20p shows 



-2 I q(x)e- 2iXx I e 2iXy q(y)dydx = ^- I \q(x)\ 2 dx- 

Jx l ^ JO 

OO fOO 



q'(x)e- 2iXx / e 2iXy q(y)dydx, 

Jx 



-\ogD(X) = -- / \q(x)\ 2 dx + o(A _1 ) as |A| ->• oo, A G C. 







This implies f ll.7p in Theorem 11.11 if we show Formula ( II. 5p in Theorem 11.11 We prove the 
following: Let q G L\R) n L 2 (R). Then we have 

i) L>GAC(C + ,C), det£(A) = ^~^ , VAGI. 

ii) D = a. 

i) We use arguments from jlKTTj . Let A G C+. Denote Jq(X) = I + Y (X), J{X) = I-Y(X). 
Then J (X)J(X) = I due to ([52]). Now, put S (X) = J (X)J(X). Then we have 

S {X) = 1- (Y {X) - Y (X)) (I - Y(X)) . 
Now, by the Hilbert identity, 

Y (X) - Y (X) = (A - A)F a i2o(A)i2o(A)Fi 

is trace class, and by taking the limit A ± ie, A G 1R, e — )• 0, we get 

detSo(A) = det5(A), A G R. 

Let z = ir, r £ R + and £> = det(Jb(A) l 7(^)) ) A G C+. 
It is well defined as Jo(-)J(z) — I G AC(C + ;Bi). The function X?(A) is entire in C + and 
V(z) = 1. We put 

/(A) = ^e^oW-ybW) A G C7, 

where 

D(A) = det [(/ + Fo(A))e- y ° (A) ] . 
We have £>(A) = /(A), A G C+. Now, using that J Q (X)J(X) = /, we get 

det 5 (A) = det J (A) J(z) • det(^(z)-^(A) = = ^ e ^o<S)-n<A» 
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As by (gUP we have Tr(Y (A + iO) - F (A - zO)) = for A G K, then we get 

^/,n , D(X — ie) , _ 
det 5(A) = lim — )- f , A G E. 

ii) Now, we obtained 

D(A + iO) a(A + «0) 



V A G R. (6.23) 



(6.24) 



D(X + iO) a(A + iO) 
Moreover, due to (16 . 18[) and (I3.27P we have also 

D(X) — > 1, a(A) — >• 1 as ImA->oo, 

£>(A)^0, a(A)^0 V A G C+. 

Thus we can define uniquely the functions logD(A), loga(A) VA G C + , by the conditions 

log£>(A)^0, loga(A)^0 as ImA^oo. (6.25) 
This and (I6.24p imply 

e -2iargD(A+iO) _ g -2i arg a(\+iO) ^ V A G K. (6.26) 

The functions log-D(A), loga(A) are analytic in C + and continuous up to the real line. Then 
arg.D(A + iO) = arga(A + iO) + 2nN for all A G K and for some integer iVeZ. We define a 
new function F(X) = argD(A) — arga(A) for all A G C+. This function satisfies 

F(X + iO) = 2ttN, VAgM, and F(\) -)■ as ImA^oo. 

Thus F = and D = a. 

Now, we prove f ll.6p . As by ii), we have a = D, it is enough to consider loga(-). Note that 
| log(a(A))| ^ |a(A) — 1|. Recall that we have |a(A) — 1| ^ C uniformly in A G C + (see (13.271) ) 
and from (13.261) it follows that L \a(x) — l\ 2 dx = M < oo. Now, the Plancherel-Polya theorem 
(see [L93] ) yields f R \a(x + iy)\ 2 dx ^ M < oo uniformly in y > 0. 

■ 

Proof of Theorem 11.41 We suppose that q satisfies Condition A. Recall that from Corol- 
lary (15. 8p . it follows that R(X) — Ro(X) is trace class. Therefore f(H) — f(H ) is trace 
class for any / G =5^, where 5? is the Schwartz class of all rapidly decreasing functions, and 
the Krein's trace formula is valid (general result): 



Tr(f(H) - f(H )) = [ £(A)/'(A)dA, feS>, 



where £(A) = ^0 SC (A) is the spectral shift function and SC (A) = arga(A) = ~ log det 5 is the 
scattering phase. 
As for AgR, 

det 5 = -, 
a 

then we have also 

deto a(X) 
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By using the Hadamard factorization (I3.3ip from Proposition 13.41 we get 

^ = •7+ lim E T-V' ( 6 - 27 ) 

a(X) r^+oo ^ A - A n 

Now, using (16.271) , we get 

Tr(J{H)-f(H )) = ± I fW^fd\ = ~ lim £ / /(A)Im-^— dA 

2m J R det6 7r r^+oo ^ J R A - A n 

and 

Im A 



Tr(f(H) - f(H )) = -i lim £ / 



1 Im A 

recovering the Breit-Wigner profile — 7—777- The sum is converging absolutely by (|2.2p . 

7T |A — X n \ 2 

Now using flBTTBD . fk^TSj) . flo^j) and i2(A) - i? (A) = -#oW + r (A))" 1 V r 2 i? (A) we get 

^ = - Tr F(A)y '(A) = - Tr[F '(A) - (/ - Y (X))Y>(X)] = - Tr(R(X) - R (X)). (6.28) 
Recall that if potential q satisfies Condition A then D = a G £\ (27) (Proposition I3.4j) and 

£m-m (6 29) 

D(X) ~ a(X) ' [ ' 

Now, using (I6.29P and the Hadamard factorization (I6.27P in (I6.28P we get the trace formula 

Tr(R(X) - i? (A)) = -i 7 - lim V — L- 

r-H-00 ^ — ' A — A„ 

with uniform convergence in every disc or bounded subset of the plane. 

This proves (11.1 ip and (I1.12p in Theorem 11.41 ■ 
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